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Abstract. Support theory is a methodology for bounding eigenvalues and generalized eigenval-
ues of matrices and matrix pencils; such bounds have been stated both in algebraic terms, and in
combinatorial terms based on embeddings of the underlying graphs of the matrices. In this paper,
we present a theorem that demonstrates the connection between these various bounding techniques,
and also suggests a possible approach to generating approximate inverses for preconditioning. The
theorem shows, given matrices A = UDAU* and B = VDgV* (where D4 and Dp are invertible
Hermitian matrices, and U and V are not necessarily square), that it is possible to define a matrix
W such that W*DngDA has the same nonzero eigenvalues counting multiplicity as BT A. In the
special case that U is the orthogonal projector onto the range space of B and D4 = I (and hence
that A = UU* = U2 = U), then W*Dg,lW = B*. This suggests that finding an approximation to
W might lead to an approximate inverse that can be used in preconditioning. We also describe how
this theorem generalizes the idea of graph embeddings in an algebraic sense.

1. Introduction. Support theory is a methodology for bounding eigenvalues
and generalized eigenvalues (and more generally support numbers) of matrices and
matrix pencils; it has applications such as the analysis of the performance of interative
solvers for symmetric positive definite systems. Support theory bounds have been
stated both in algebraic terms, and in terms of combinatorial techniques based on the
underlying graphs of the matrices involved. In this paper, we present a theorem that
demonstrates the connection between these various bounding techniques, and also
suggests a possible approach to generating approximate inverses for preconditioning.

Given a preconditioned system B~ A, support theory is concerned with generat-
ing bounds on Apax(B~1A) and Apax (A~ B), which are used to bound the condition
number of the system. More generally, if A and B are singular, bounds are gener-
ated on the support numbers o(A4, B) and (B, A). Bounds are generated in terms
of factorizations A = UUT and B = VV7 of the matrices where U and V are not
restricted to be square. Given the factorizations, a matrix W is constructed subject
to the condition U = VIW. This is the key formulation of support theory [3].

We present a theorem that shows, given matrices A = UD U* and B =V DgV*
(where D4 and Dp are invertible Hermitian matrices and the columns of U are in
the range of B), that there exists a matrix W, such that W;pthlWoptD 4 has the
same nonzero eigenvalues counting multiplicity as BT A. This result was previously
unknown even in the special case where Dy = Dp = I. In the special case that
U is the orthogonal projector of the range space of B and D4 = I (and hence that
A=UU*=U?=U), then W}, D' Wy = BT, where B* is the pseudoinverse of B.
This suggests that finding an approximation to W,,; might lead to an approximate
inverse that can be used in preconditioning.

We describe how this theorem generalizes the idea of embedding in an algebraic
sense, and show how it can be used to generalize and simplify the proofs of previous
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results. In particular, this allows the ideas to be applied to a broader range of matrices.
We also place the theorem in the context of two branches of support theory research
that focus on matrix eigenvalue bounds and matrix pencil bounds respectively.

The paper starts with a section on notation (Section 2) and some background
on the development of some basic ideas in support theory (Section 3). The main
theorem is presented in Section 4, along with a version applicable to non-Hermitian
matrices. We use this proof to give a new and more general proof of a result by Boman
and Hendrickson [3]. In Section 6 we give new and more general proofs of results
by Guattery [6] linking a generalized notion of embedding with the pseudoinverses of
Hermitian matrices. The results in this paper subsume the results in that tech report.
Finally, in Section 7 we discuss the implications of this work for preconditioning,
particularly in terms of approximate inverses.

2. Notation. We use capital letters to represent matrices. Individual matrix
entries are denoted by the corresponding lower case letter with subscripts showing
the row and column of the entry, e.g., a;; is the entry of A in row ¢ and column j.
I represents an identity matrix. When it is useful to indicate the size of an identity
matrix, a single subscript indicates the number of rows and columns: I is the k x k
identity matrix. A matrix of all zeros is denoted by 0.

For a matrix A with real entries, |A| denotes the matrix whose entries are the
absolute values of the corresponding entries of A: the entry in row ¢ and column j of
|A| is |aij|.

The notations AT represents the transpose of A; A* represents A’s conjugate
transpose; and AT represents the pseudoinverse of A (i.e., the Moore-Penrose gener-
alized inverse of A).

We denote the range space of the columns of a matrix A by R(A). The orthogonal
projector onto a vector space S is denoted as Ps. Thus Pg(4) is the orthogonal
projector onto the range space of the columns of A.

Vectors are denoted by lower case letters with an arrow above, e.g. ¢. A column
vector of all zeros is denoted as 0; if a specific size is specified, it is given as a subscript:
6k is a vector of k Q’s.

3. Background. A key application of support theory is the analysis of precondi-
tioned symmetric and Hermitian systems. When solving linear systems Az = b using
an iterative method, it is frequently useful to have a good preconditioner to accelerate
convergence. This has often involved constructing a preconditioner B =~ A. In this
sense, B is a good preconditioner if both (i) the eigenvalues of B~1A are clustered
around one, and (ii) the matrix B is easy to solve for (invert). (Note that if A is
singular, one may wish to let B be singular with the same null space. In this case,
Bt A is the preconditioned matrix of interest.)

For Hermitian, positive definite systems, the eigenvalues are real and positive, and
a lower bound on the rate of convergence is the spectral condition number, (C) =
Amax(C)/Amin(C). In our case, either C = B~'A or C = B~Y/2AB~1/2 (where B~1/2
is Hermitian), and the condition number can be expressed using support numbers.
The support number for a matrix pencil (A4, B), where A and B are Hermitian, is
defined as

o(A,B) =min{t e R|2* (7B — A)z > 0 for all z € C" and for all 7 > ¢}.

It has been shown that when B is symmetric positive definite, 0(A, B) = Amax(4, B),
2



the largest generalized eigenvalue [3]. Furthermore,
k(B~Y2AB™Y?) = o(A, B)o(B, A).

Support numbers exist even when A or B is singular, but may not be finite. Support
theory is useful for analyzing preconditioners because support numbers give bounds
on the spectral condition number. See [3] for further information on support theory.

For symmetric positive semidefinite systems, bounds on support numbers are
generated in terms of factorizations A = UUT and B = VV7 of the matrices. Based
on the factorizations, a matrix W is constructed subject to the condition U = V.
This key algebraic formulation of support theory is due to Boman and Hendrickson [3],
and is at the heart of the symmetric product support theorem:

THEOREM 3.1 (Theorem 4.5 from [3]). Suppose U € R™¥F is in the range of
V € R"*P. Then

o(UUT, vvT) = min W3 subjectto VW = U.

It is further noted in [3] that for W = VU, o(UUT, VVT) = |[W|3.

They also proved the following;:

THEOREM 3.2 (Theorem 4.7 from [3]). Suppose U € R™ ¥ is in the range of
V e R™*P, and D € R¥*F is symmetric. Then for all W such that VW = U,

o(UDUT,VVT) < Anax(WDWT) < Apax (D) |W 13

The use of the term embedding in this paper is intended to suggest the relationship
to the use of combinatorial embeddings in early work in the area, which typically
involved Laplacian (and related) matrices. Laplacians have a well-known graphical
interpretation in which a Laplacian L can be factored into L = UUT, where and U is
a vertez-edge incidence matriz. In such a matrix, each row represents a vertex of the
underlying graph of the Laplacian. Each column represents an edge, and has one +1
and one —1 in the rows corresponding to the endpoints of the edge. Note that this
(arbitrarily) directs the edges, though this direction is lost in the product that forms
the Laplacian. (Entries can be scaled appropriately for weighted graphs.)

Graph embedding techniques were used to analyze the quality of support graph
preconditioners, which were formulated in terms of the combinatorial structure of the
Laplacian matrices. Examples include Vaidya’s preconditioners based on spanning
trees [13] (see [2] for a more readily available description of Vaidya’s preconditioner),
and Gremban and Miller’s support tree preconditioners [5]. Bounds on the condition
number of a preconditioned system were calculated in terms of properties of the
embeddings of the underlying graphs of the preconditioner into the Laplacian and
vice versa.

The embeddings used in this analysis were typically path embeddings, in which
each edge in U (e.g., the vertex-edge incidence matrix of the original Laplacian) was
represented as a directed path constructed from the edges in V' (e.g., the vertex-edge
incidence matrix of the preconditioner). While these embeddings were seldom not
typically expressed in matrix form, it is easy to construct the matrix W corresponding
to the embedding: Each path in the embedding shows up as a column in W. The
rows in W correspond to the edges in V; if an edge in V is in the path, a +1 or —1
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occurs in that row of W, depending on whether the direction of the edge in V' is in
the same or opposite direction of the path respectively. (Again, entries in W can be
scaled to deal with weighted graphs.) In this representation, U = VW expresses the
mapping defined by the embedding.

Properties of the paths were used to compute bounds. This was typically done
in combinatorial rather than algebraic terms. One widely used method, suggested
in Vaidya’s work (see the section An analogy with resistive networks on p. 6 of [13])
and developed by Gremban and Miller (see the discussion starting with the last two
paragraphs on p. 65 and continuing to the start of Section 4.5 on the next page of [5]),
involved summing the congestions (defined for each edge in the graph embedded into
as the number of paths in the embedding incident to that edge) along each path. The
maximum sum taken over all paths provided an upper bound on Apax(B~1A).

This method was also applied in a line of research that considered bounding the
smallest nontrivial eigenvalue of a Laplacian or related matrix (the earliest work in
this direction was aimed at bounding the second largest eigenvalues of time-reversible
Markov chains in order to bound the mixing time for random walks [10, 12]). This
typically involved embedding the complete graph into a Laplacian or a generalization
of the Laplacian that allowed weighted edges. Later work involved a further gen-
eralization that included Dirichlet boundary conditions (these conditions resulted in
entries on the diagonal that exceeded the sum of the weights of the incident edges).
For such matrices, a star was embedded instead of a clique.

Analysis using path congestions and related techniques initially did not express
the embedding in matrix form. However, some work along these lines developed an al-
gebraic representation of embeddings. Kahale [11] looked at computing lower bounds
on the smallest nontrivial eigenvalue of a Laplacian using a method that assigned
a length to each path, then looked for the edge that had the greatest sum of the
lengths of the incident paths. He computed embedding properties in terms of |W/,
the absolute value of the matrix W representing the embedding, and expressed the
best bound that could be computed for any embedding in terms of Amax(|[W/||[W|T).
Guattery, Leighton, and Miller [7] formulated the path resistance method, an exten-
sion of the sum-of-congestions method applied to lower bounds of smallest nontrivial
Laplacian eigenvalues. They showed that the path-resistance method was a dual of
Kahale’s edge-length method in that both had the same best possible bound given
some embedding W, and that the value Apax(|[W||W|T) was a term in the expression
for this best bound.

Guattery and Miller [8] made the observation that including directions in em-
beddings typically improved the best possible lower bounds on smallest nontrivial
eigenvalues of generalized Laplacians that could be derived from the embeddings.
They allowed multiple paths in embedding each edge. They also kept the signs cor-
responding to direction in the embedding matrix W, which corresponds to working
with W rather than |W|. At this point the notion of embedding has been generalized
to the point that any matrix W such that U = VW can be viewed as a generalized
embedding of U into V', though U and V are still vertex-edge incidence matrices.
Guattery and Miller also proved that there existed a particular embedding Wy (re-
ferred to as the current flow embedding such that the smallest nontrivial eigenvalue
could be computed exactly in terms of )\max(chWg}) for that embedding. They also
showed that W.; was a factor of the inverse for this embedding applied to the case of
a generalized Laplacian with a Dirichlet boundary condition.

Guattery [6] extended these ideas to all Hermitian matrices. In particular, he
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considered what he called the generalized current flow embedding Wy of the orthog-
onal projector onto the range of the columns of B = VDV* (where D is a diagonal
matrix with nonzeros on the diagonal) into V. He showed that the pseudoinverse of
B could be expressed as chD_lW:f. The formulation is still in terms of a slightly
generalized vertex-edge incidence matrix although, as shown in Section 6, the ideas
can be generalized to any factorization V.DV™*.

The results in this paper tie together ideas from the algebraic and combinatorial
(path embedding) views of support theory, and express them in a common notation.

4. The Main Theorem. Consider the matrix pencil (A4, B), where A and B
are n X n complex, Hermitian matrices. Assume that there exist matrices U and V'
such that A =UDAU* and B =V DgV*, where U isnxm, Visn xk, and Dg and
D 4 are invertible Hermitian matrices with dimensions k x k and m x m respectively.
The main theorem can be stated as follows:

THEOREM 4.1 (Main Theorem). Given the matriz pencil (A, B) and factoriza-
tions described above, if the columns of U are in the range of B, then there exists
a matrizc Wope such that VW, = U, and such that every nonzero eigenvalue of
ijthlwoptDA is also an eigenvalue of BT A, and wvice versa, counting multiplic-
ity.

Before proving the main theorem, it is helpful to lay out some supporting lemmas.
Define the (n 4 k) x (n + k) block matrix M as follows:

(4.1)

_[Dst v
S

The proof of the main theorem is based on solutions to the following block system:

Dzt v* Wope | [0
v )] @2
The k x m matrix Wy is of particular interest. The following lemma gives necessary
and sufficient conditions for the existence of a solution, and hence of W;:
LEMMA 4.2. The system above has a solution if and only if the columns of U are

in the range of B.
Proof. We can apply Gaussian elimination to M as follows:

I ol[Dg" V' [ Wem | [ I 0O 0
—VDp 1 %4 0 | Z | | -VDhp I U
to get the following reduced system:
D' V[ Wem ] [0
[O _B_[Z___U. (43)

Proving the result for the reduced matrix is sufficient because it has the same solutions
as the original system.

Assuming that a solution to the reduced system exists, there must be a Z such
that —BZ = U. That is, a solution exists only if the columns of U are in the range
of B.

Assuming that the columns of U are in the range of B, then a Z that satisfies
—BZ = U exists. For the block system to have a solution, we must also have a
solution to the equation DélWOpt + V*Z = 0. The solution exists if there is a Wy
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such that W,,; = —DpV*Z. Since the matrices Dp, V*, and Z exist by assumption,
a solution does exist, and the lemma holds. O

It is possible that there is more than one solution. In some arguments below we
require a solution that is orthogonal to the null space of M; where this is the case, it
is noted explicitly.

Theorem 1.3.20 from reference [9] is useful in our arguments. We restate (in
slightly revised form) the pertinent result below:

THEOREM 4.3. LetY be an r X s matriz and Z be an s X r matriz, with r < s.
Then ZY has the same eigenvalues as Y Z, counting multiplicity, together with an
additional s — r eigenvalues equal to 0.

We can now prove the main theorem:

Proof. [Proof of Main Theorem] Given the factorizations assumed in the theorem
statement, we can construct the block system in equation 4.2. As in Lemma 4.2,
we can apply Gaussian elimination to get the reduced system from equation (4.3).
Assume that the columns of U are in the range of B. By Lemma 4.2, a solution to
the reduced system exists. That immediately yields the equation

—-BZ ="U.
Multiplying through on both sides by —B™ gives
PppyZ = —B*U.

It is a fact that Pr(p+) = Pg(p~) (see p. 10 of reference [4]). Thus we can rewrite the
equation as follows:

Pr(g-yZ = —B*U. (4.4)

The assumption that the columns of U are in the range of B also implies that
U = Prp)U. Taking the conjugate transpose gives U* = U*PE(B) = U*Pg(B);
the last equality following because orthogonal projectors are Hermitian by definition.
Because B is Hermitian, Prp) = Pr(p~). Thus we have the following equation:

U* = U"Pg(p+)- (4.5)
From the original block system we have that
D' Wope = -V*2Z, (4.6)
and also that, after taking the conjugate transpose,
Wo V' =U" (4.7)

Applying equations (4.6), (4.7), (4.5) and (4.4) in turn, we have

Wi D' WopDa = =W, V*ZD 4
=-U*ZD4 (4.8)
- —U*PR(B*)ZDA
=U*BTUD,4.

We can apply Theorem 4.3 to show that each nonzero eigenvalue of U*BTUD 4
is an eigenvalue of BT A and vice-versa:



If m > n, we apply Theorem 4.3 to BTA = BYUDU*. Noting that BTUD, is
n xm and U* is m x n, we immediately have that B+ A has the same nonzero eigen-
values (counting multiplicity) as U*BTUD 4, plus m — n additional zero eigenvalues.

If m < n, we apply Theorem 4.3 to U*BTUD,. We immediately have that
BtUDAU* = BT A has the same nonzero eigenvalues as U* BTUD 4 (counting mul-
tiplicity), plus n — m additional zero eigenvalues if n is strictly greater than m.

This completes the proof.

d

As a consequence of Theorem 4.1, we have the additional result:

THEOREM 4.4. Suppose U € R™* s in the range of V. € R™*P. Then there
exists a W such that VW = U and WTW has the same nonzero eigenvalues as
(vvhHruuT.

Proof. The result follows immediately from Theorem 4.1, with Dg = I and
Dy=1.0

Note that in this case, Dg = I in the system from equation 4.2, so in the so-
lution orthogonal to the null space of M (Equation 4.1), W is the solution to the
equation VW = U with the minimum two-norm. This is consistent with Theorem 3.1
(Theorem 4.5 from [3]).

5. The Non-Hermitian Case. A related theorem can be proved for invertible,
complex, non-Hermitian matrices of the form A = EF*, where A is n X n, and F and
F are n x m, with m > n. Consider the following two block systems, one for A:

ERIEAN A o

and one for A* = FE*:

I, FE* X1 T10]
{F OHY]__IR_. (5.2)
With respect to these systems and the assumption that A is invertible, we have
the following theorem:
THEOREM 5.1. X*W = A~L.
Proof. The system in equation (5.1) yields the equations

W=-FZ
and
EW =1,, (5.3)
which combined yield the equation
—EF*7 = 1,,
which implies that
—Z=A""

Likewise the system in equation (5.2) yields the equations

X = —E%, (5.4)
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FX =1,

-FE'Y =1,,
and
Y = (4%)7L. (5.5)
Hence
X*W = -Y*EW (by (5.4))
- v (by (5.3))
e (by (5.5))
a

6. Generalized Embeddings and Pseudoinverses. The main theorem can
also be applied to producing pseudoinverses. Guattery, in a technical report [6],
showed that by applying a generalized version of embedding to the orthogonal projec-
tor onto the range space of any symmetric matrix, it is possible to generate factors of
that matrix’s pseudoinverse. He also showed how to extend this result to all Hermi-
tian matrices by splitting them into a real and an imaginary part, and working with
a system twice as big. Theorem 4.1 allows us to prove the results from this technical
report in a simpler way. The new proof covers the Hermitian case directly.

Let B be a Hermitian matrix, with B = VDV* D Hermitian and invertible. Let
[ 1474

7 } be the solution to the system

=L | o

where Pg(py is the orthogonal projector onto the range space of B. The matrix W
here corresponds to what Guattery termed a generalized embedding.

The following two theorems are direct consequences of Theorem 4.1 and its proof:

THEOREM 6.1. W*D~1W = B+,

Proof. Viewing the system above in terms of the system in Theorem 4.1, we can
make the substitutions: U = Pgp), Dp = D, and Dy = I,. Substituting these
values in equation (4.8) from the proof of Theorem 4.1 gives

W*D™'W = Py 3 B* Prp).

Note that Prp+) = Pr(p~) (see reference [4]). Recall that Pr(p)y = Pr(p~) since B
is Hermitian, and that P;%( B) = Pr(p) because orthogonal projectors are Hermitian
by definition. These equations also imply that Prp+) = Pg(p). Hence we have the
following:

PE(B)B+PR(B) = PR(B+)B+PR(3) = BJFPR(B) — Bt.

The last equality follows from the fact that BT is Hermitian, so R(B™) is a reducing
subspace. Proposition 0.2.3 from reference [4] thus gives us that

PR(B*)B+ = B+PR(B+) = B+.
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Since Pr(p+) = Pr(p) (as noted above), this proves the theorem.
d

In the proof above, note that the factor embedded, Pr(p), is also equal to the
symmetric product of the factor and its conjugate transpose. This is done to insure
W has the proper dimensions to serve as a factor of the pseudoinverse.

One possibility hidden in the argument is that the rank of B may be less than
the rank of V. In such cases the matrix D projects part of the range of V* into the
null space of V. When this does not happen, however, we can prove an interesting

property. Let matrices V', D, and B be defined as for Theorem 6.1. Let [ I;/ } be a

solution to equation 6.1 that is orthogonal to the null space of the block matrix. We
have the following:
THEOREM 6.2. If rank(B) = rank(V), —Z = B™.
Proof. Assume that the order of D is k, and that V' is an n X k matrix.
We can apply Gaussian elimination to the system in equation 6.1 as follows:
1 0 Dt v l[w] [ I 0 0
{—VD I][V 0 Z | | =VD I}{PR(B)]

to get the following block upper triangular system:

D™t vr [ W] [0
[ 0 -B || Z | _PR(B)]’
The rank of the block matrix (referred to as M below) is greater than or equal to the
sum of the ranks of B and D~! (see, e.g., reference [9]). Since D~! has full rank, this
also implies that the dimension of the null space of M is less than or equal to the size
of the null space of B.

Note that we have —BZ = Pg(p)-

If B is nonsingular, then the result follows immediately: Prp) = I, and —BZ =
I. By the uniqueness of the inverse, Z = —B~!.

If B has less than full rank, multiplying through on both sides by BT gives the
equation

—Pgr(p)yZ = B* Pg(p) = B™,

where the last equality follows by the argument given in Theorem 6.1. The theorem
therefore holds if the columns of Z are in the range of B.

Since B = VDV™*, the null space of V* is contained in the null space of B. The
condition in the theorem statement that the ranks of B and V are the same thus
implies that the null spaces of B and V* are the same.

We can construct a basis for the null space of the block matrix M as follows:
Assume the size of the null space of B is j > 1. Construct an orthogonal basis for

the null space of B consisting of vectors 47 ...v;. Consider the j vectors of the form

w; = ?}f }, where 6k is the column vector consisting of k zeros. These vectors are
i

clearly orthogonal. Because B and V* have the same null spaces, each such vector is

in the null space of M. And because (as noted above) the size of the null space of M

is less than or equal to size of the null space of B, the w;’s span the null space of M,

and hence form a basis for it.



By assumption, the solution 7

structure of the vectors in the null space of M, this means that Z is orthogonal to
the null space of B. Hence Z is in the range of B, and the theorem holds.
d

w } is orthogonal to the null space of M. By the

7. Approximate Inverse Preconditioning. In preconditioning linear systems
Ax = b, one often constructs a preconditioner B ~ A. In the iterative method, one
has to solve for (invert) B. An alternative is to algebraically construct a matrix
M such that M A ~ I. Since M approximates the inverse of A, one only needs to
multiply by M in the iterative method, which has certain advantages (e.g., in parallel
computing).

Many strategies have been proposed for constructing approximate inverses, see
e.g. [1]. One practical condition is that M must be sparse. Some try to minimize
|[MA — I|| (with certain sparsity constraints) directly, while others construct M as
the product of two triangular factors.

An interesting open question is whether our Theorem 6.1 can be used as a starting
point for constructing approximate inverses. This theorem provides a novel factoriza-
tion for the inverse of a symmetric matrix. Are there cases in which we could compute
an inexpensive approximation W to W? Then W*D~1W would be an approximation
to the inverse.

The key issues to be setted are whether there exist classes of matrices for which
a good approximation to W exists. Additionally, there is the question of which fac-
torization of A (if any) can be used to find good approximate factors, and how the
approximation is constructed based on such a factorization.

It is also be interesting to consider a similar strategy applied to nonsymmetric
matrices using Theorem 5.1. Can good approximations to the factors X and W of
our nonsymmetric matrix can be generated by approximately solving Equations 5.1
or 5.27

We remark that approximate inverses of this type are in factored form but the
factors may be rectangular (non-square), which would make such an approach dis-
tinctively different from other factored approximate inverses.
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